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DECOMPOSITION INTO PARTIAL FRACTIONS BY 
MEANS OF REMAINDERS. 

By Eugene Randolph Smith. 

It has always seemed to the author of this paper that there 
should be some extension of the method of solving partial frac- 
tions by means of substitution, so that this method would be 
applicable to all cases without introducing any undue com- 
plexity. After several abortive attempts along the line of sub- 
stitutions, the following method by the equivalent process of 
taking remainders was found. 

There can be no claim that the method is entirely new, for 
other writers, for example, Chrystal, have used some of the 
same ideas, and have gotten some of the same results, though 
by somewhat different processes. The arrangement of the 
work in some of the cases is, as far as the author knows, an 
original one. 

The proof for all cases is based upon the fact that two iden- 
tical expressions, when divided by the same divisor, must give 
identical quotients and identical remainders. In certain ques- 
tions this theorm is applied to several divisions taken suc- 
cessively. 

The method is simple in application, presenting very little, 
even of arithmetical calculation, in ordinary fractions. The 
fractions having unfavorable (into rational factors) denomina- 
tors present more algebraic difficulty than other types, but one 
of these of the nth degree requires only the solution of (n — i) 
first degree equations in the same number of unknowns. 

The method can be applied to find the numerator for any one 
factor of the denominator (except powers of the same quantity) 
independently of the other factors. 

The following illustrations will show the application of the 
method to the various types. In the division used in this paper 
the "multiply and add" method of synthetic division will be 
used for first degree binomial divisors, and successive remainders 
in the numerator will be represented by Ri, R2, etc., and in the 
denominator by ri, r2, etc. 
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To decompose into partial fractions: 

x b — x 4 — 25X 3 + 68a 2 — 133; — 38 
(* — i)(x — 2) z (x? + x + 2) 

I. To determine the numerator for a denominator of the type 
ax + b: in this case, to find the numerator A for the denom- 
inator (x — 1). 

Divide the numerator, and all of the denominator except 
(x — 1), by the required denominator (x — 1). Call the re- 
mainders i? x and r r 



Numerator. 
I - I - 25 + 68 - 13 - 38 

1 o - 25 + 43 + 30I- 8 = J?i 



Denominator. 



1—2 



I + I+2 

I+2IT4 

Therefore ( — i) 3 4r(4)= — 4 = »V 



1 -1 



Then r.A = R, , that is, A = = 2, and the fraction is . 

—4 x— 1 

In this type the method is evidently the same as the substitu- 
tion method except that the results of substitution are obtained 
by division. 

II. To determine the numerators for successive powers of 
ax + b : in this case the numerators A, B, and C for the denomi- 
nators (x — 2) 3 , (x — 2) 2 , and (x — 2) respectively. 

Multiply all the factors of the denominator of the given frac- 
tion except (x — 2) 3 , obtaining x 3 -\-x — 2. 

Divide the numerator, and the product obtained in the denom- 
inator, by (x — 2), the quotient by (x — 2) again, and so on, 
until as many divisions have been performed (in this case three) 
as there are numerators to be obtained. 



Numerator. 
I - I - 25 + 68 - 13 - 38 

1 +1 -23 + 22 + 31 
1 +3 ~ J 7 - I2J+ 7 
1 + 5 - 7I-26 = i?3 
Then 



+ 24 = 2?! 



Denominator. 
I +0 + 1—2 

1+2+ 5 



+ 8 = r, 



1 + 4 + 13 = r 2 



l| + 6 = r 3 
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r t A = i?j, which gives A = — = 3, 

rjB + r 2 /2 =i? 2 , which gives B = — 4, 
rjC + r 2 B + r a A = i? 3 , which gives C = i, 
and the fractions are 

3 4 + 1 



(x — 2) z (x — 2) 2 X — 2 " 

As r 1; r 2 , etc., are coefficients of A, B, and C in order, these 
equations are easily remembered. There are several evident 
ways to write the six numbers with A, B, and C so as to find 
the results with a minimum of calculation. It is evident that 
each equation contains but one unknown, and that the first step 
of the- method is identical to the method of I. 

III. To determine the numerator for an unfavorable denom- 
inator of degree higher than the first: in this case the numer- 
ator Ax + B for the denominator (x 2 + x + 2) . 

Multiply together all the factors of the denominator except 
(x 2 + x + 2), obtaining the product x* — yx 3 -\-i8x 2 — 20.r+8. 

Divide the numerator, and the product obtained in the de- 
nominator by (x 2 -\-x-\-2). After obtaining the first remainder 
in the denominator, multiply the dividend by x and divide again, 
obtaining another remainder. If there are three unknowns in 
the required numerator, the dividend must next be multiplied 
by x 2 , and again divided, and so on, until as many divisions have 
been performed in the denominator as there are unknowns in 
the required numerator. 

In practice, these divisions can all be done in one, as the first 
division is identical in all of them, and the annexing of a zero 
detached coefficient raises the degree by one. The successive 
remainders are not first, second and third remainders as in the 
previous case, so will be indicated by r, r', r", etc. 





Numerator. 




I - i - 25 + 68 - 13 - 38 


— 2 


- 2 + 4 + 50-194 


— I 


- 1 + 2+25-97 


I 


1—2—25 + 97—60 — 232 R 
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Denominator. 



Second 
Division. 





1-7 + 18-20+ 8+ 


— 2 


- 2 + 16-48 + 56 


— I 


- 1 + 8-24 + 28 


I 


1 —8 + 24 — 28 — 40 


r 



- 12 + 56 f 



Equating the independent terms, the first degree terms, etc., 
of the remainders by the rule, rB + r'A=R, sufficient equa- 
tions to determine the unknowns in the required numerator will 
be found. (For three unknowns, the rule would be rC + r'B + 
r"A =R.) In this case, — 40B + 56^ = — 232, and — 28B — 
12 A = — 60, giving A= — 2, and 5 = 3, and the fraction is 

— 2X + 3 



X 2 + X + 2 



Certain special cases, particularly where a denominator is a 
perfect power, merit attention. 



(1) To decompose 



8x 2 — l8x + 14 



(2X - 3) 



Divide three times by (2.v — 3), and the successive remain- 
ders are the required numerators. If x — (3/2) is used as the 
divisor, remainders after the first must be divided by successive 
powers of 2 to equal the remainders for {2x — 3). 



3/2 



- 18 + 14 



8j + 6 = 2B 
8 = 4C 



The numerators are 5, 6/2 or 3, and 8/4 or 2, giving 
—1 + 3 _2_ 

(2X - 3) 3 (2X - 3) 2 (2X - 3) 



(2) To decompose 



3X 3 — 2x 2 + 1 ox 

(X 2 — X + 2) 2 



. Divide by (.r 2 — .v + 2) 
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3-2 + 10 + 
- 6-2 

3 1 



3 + i|+ 5 - 2 = &. 

The first remainder is evidently $.v — 2, and the second re- 
mainder is the same as the quotient, or 3.1- + 1, giving 



2,x + 1 



5x - 2 



(3) To decompose 



x 2 - x + 2 O 2 - x + 2) 2 " 

6x* — 14.x 3 + 29X 2 — 32X + 12 



(x 2 — X + 2) 2 (x — 2) 



This requires a combination of methods II and III in finding 
the numerators for the powers of (x 2 — .r + 2). To find the 
numerator Ax + B for (x 2 - — x-\-2), and Cx-\-D for (x 2 — x 
+ 2) : , divide twice by (x 2 — .r + 2). 





Numerator. 




6 - 14 + 29 - 32 + 12 


— 2 


- 12 + 16 - 18 


I 


+ 6-8+9 



1 


6- 


8+91- 


- 7 


— 2 
1 




— 12 
6 




1 


6|- 


2-3 = 


-Rz 



7 ~ 6 = R t 



Denominator. 


Denominator multiplied by x. 


1—2 Y\ 




1—2+0 


r 2 


— 2 


— 2 




I 


I 




I 


I — I — 2 f\. 

1 r a ' 



Then, using r 1 with B and r/ with /4, B — A= — 7 and 
— 2B — 2A= — 6, and A=5, B= — 2. 

Also, using r 1 with £>, r x ' with C, r 2 with B and r 2 ' with ^4, 
A — 2C — 2D = — 3, — C-\-D = — 2, giving, since /4 = 5, 
C = 3 and D = i. 
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(4) To decompose a fraction whose numerator is of higher 
degree than its denominator. 

The method for any single partial fraction is exactly the same 
as in the cases shown. If the fraction is to be completely de- 
composed, the method will accomplish this automatically if the 
denominator is a perfect power; otherwise it is best to divide 
the numerator by the denominator as the first step. 

The Park School, 
Baltimore, Md. 



